We show how to solve the Dirac oscillator with a minimal length by using previous results on the harmonic oscillator in a Snyder algebra.
Introduction
It is expected that a consistent formulation of quantum gravity requires the introduction of a minimal length scale of the order of the Planck scale.
It is well known that a standard formulation of quantum mechanics with a minimal length is obtained by deforming the commutation relations between position and momentum operator (GUP) [1] . This formulation is solvable in practice only in a limited number of physical systems, such as for example the harmonic oscillator in d dimensions and the Dirac oscillator.
The purpose of this work is to investigate the problem of quantization of the noncommutative Dirac oscillator. Although this problem has already been discussed in some works [2] - [3] , we want to follow an independent method, based on the solution of the harmonic oscillator in d dimensions that we developed in [4] .
The article is organized as follows. Firstly we remember the eigenvalue problem for a harmonic oscillator in d dimensions with a minimal length, giving a more precise characterization of the eigenvectors of the problem. Then in Section 4 we are able to accurately link the problem of quantization of the Dirac oscillator to that of the harmonic oscillator in 3 dimensions for both two-component spinors of the Dirac equation.
We are also able to extend the non-commutative deformation of the Heisenberg algebra from the Snyder algebra (β quantization) to the case of a deformation in two parameters ((α, β) quantization [5] ) and discuss how the spectrum of eigenvalues is changed also in this case.
Harmonic oscillator revisited
Let us recall the method with which we have solved the problem of quantization of the harmonic oscillator in d dimensions with the Snyder algebra. The Hamiltonian is defined by
with the following choice of the commutation rules
also called Snyder algebra. This set of commutation rules is resolved by the following representation in the compact variable ρ
By inserting this representation in the Hamiltonian, the eigenvalue problem is defined by
where the collective µ parameter is tied to the basic parameters of the theory
The ground state is easily identifiable as
with associated eigenvalue
To discuss the excited states, we introduce the following parametrization of the wave function
and defining new variables z i = √ βρ i , we obtain the differential equation for χ(ρ)
where
the energy parameter depends on some quantum numbers {n i }.
The eigenvalue problem is solved by looking for polynomial solutions in χ(ρ)
From the discussion in [4] we derive the general formula for
where N = n + l and n is a positive even integer. Then the spectrum of the eigenvalues depends on two quantum numbers N, the total quantum number, and l related to the angular momentum.
In this article we also give a more precise characterization of the eigenvectors. The wave function can be decomposed as
where r = |z i z i | and the angular part is solved by the generalized spherical harmonics in d dimensions.
n,l (r) can be defined as
where the constants a k are determined by the eigenvalue equation (2.9) with the following recurrence equation:
n,l (r) satisfies the equation
where the differential operator ∇ 2 in spherical coordinates is defined by
Despite the recurrence formula (2.15) is complicated, the normalization of the polynomials is relatively simple
a formula valid for each n, l and d.
For the special case d = 2 it simplifies to
These formulas have been obtained with the help of MATHEMATICA and have been verified in several cases.
(α, β) quantization
We can easily extend the results of section 2 in the case of the two parameter non-commutative quantization (α, β) defined by
This generalized commutation rule can always be resolved with a ρ parametrization
with λ an arbitrary parameter.
In this article we want to point out that it is possible to map the problem of quantization of the harmonic oscillator with parameters (α, β) in terms of the quantization of the harmonic oscillator with only one parameter β ( Snyder algebra ) with an appropriate choice of the parameter λ. First we decompose the general representation (x i , p i ) in terms of a representation of the Snyder algebra (x
Therefore the term of harmonic oscillator in the variables (x i , p i )
can be brought to an harmonic oscillator in the variables (x
where the factor h is defined by
The factor h can be absorbed by a redefinition of the mass
Then the spectrum of the eigenvalues is identical to the case of the quantization of the Snyder algebra provided the dependence of the parameter µ from the basic parameters of the theory is modified as follows
Dirac oscillator
Our main interest is the solution of the Dirac oscillator in a Snyder algebra in which case we introduce the matrix equation:
is a four component spinor that can be decomposed in the two-component spinors ψ a and ψ b and the matricesα i andβ are defined as usual as
The eigenvalue equation can be decomposed into two coupled equations
Resolving with respect to the ψ a spinor we obtain the quadratic equation
where the commutators can be easily calculated
from which the equation for ψ a can be rewritten as
The part similar to the harmonic oscillator
leads to an equation similar to the case discussed in the second section provided the relationship between µ and the combination mω β is changed:
The ground state of ψ a is therefore
with energy
In general for the excited states it is obtained
As for the spin-orbit interaction (which is a constant in the variables (x i , p i )) and the constant interaction we obtain
. Therefore we obtain for W (2) :
The final eigenvalue is the sum of W (1) and W (2)
This formula concludes the discussion for the component ψ a .
Repeating the same argument for the component ψ b we obtain
The part analogous to the harmonic oscillator
can be linked to the standard harmonic oscillator case with the substitution of the equation (2.5) with
The ground state of ψ b is
For the spectrum in general we obtain
Similarly for the spin-orbit interaction and the constant interaction we get the contribution
from which the final eigenvalue is
5 Dirac oscillator with (α, β) quantization
The quantization of the Dirac oscillator with noncommutative parameters (α, β) is obtained ( as described in section 3 ) by replacing
where it is convenient to choose λ = For the component ψ a we get
The part analogous to the harmonic oscillator can be written as
and can be linked to the standard case (2.4) of the harmonic oscillator with the choice of the parameter µ
All the above discussion is identical with the substitution of (5.4) in the final formula (4.15).
Similarly for the component ψ b we need to modify only the choice of the collective parameter µ:
All formulas (4.21), (4.22) and (4.23) are still valid with the replacement of (5.5) instead of (4.18).
Conclusion
In this article we have shown how to solve the problem of quantization of a 3d Dirac oscillator with minimal length. Although the equations of the classical Dirac oscillator are relativistic, the similar non-commutative ones aren't, because the non-commutative deformation we discuss here treats the variables (t, E) as classical and the variables (x i , p i ) as non-commutative. The solution we propose is based on the polynomial solutions of a differential equation (2.9) we have discussed for the first time in [4] . These solutions are a d-dimensional generalization of the Gegenbauer polynomials. In this article we have discussed the algebraic properties of these new polynomials, obtained with the help of MATHEMATICA.
